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Abstract

I The specification of energy for gravitating systems has been an
unsettled issue since Einstein proposed GR.

I It is now understood that energy-momentum is quasi-local
(associated with a closed 2-surface).

I Here we consider the Lagrangian-Noether-Hamiltonian formulations.
I 2 ambiguities: (i) many possible expressions, (ii) they depend on some

non-dynamical structure, e.g., a reference frame.
I The Hamiltonian approach gives a handle on both problems.
I We considered the various proposed quasi-local expressions.
I Our remarkable discovery is that

with a 4D isometric Minkowski reference
a large class of expressions, namely all those that agree
with the Einstein pseudotensor’s Freud superpotential to linear order,
give a common quasi-local energy value.

I With a best-matched reference on the boundary this agrees with the
Wang-Yau mass.
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Some early history

I In 1915 Einstein had his energy-momentum pseudotensor,
it has no coordinate reference frame independent meaning.

I Many objected, including Bauer, Lorentz, Levi-Civita, Klein and
Schrödinger (In his 1950 book he described it as “sham”) .

I Einstein understood the concerns but believed that his pseudotensor
had physical meaning.

I Emmy Noether’s paper with her 2 famous theorems concerning
symmetry in dynamical systems was written to clarify issues regarding
energy raised by the investigations of Einstein, Hilbert and Fleix Klein

see Y. Kosmann-Schwarzbach,
The Noether Theorems: Invariance and Conservation Laws in the
Twentieth Century (Springer, 2011).
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Implications for energy

Noether’s result applies not just to Einstein’s GR:
For all geometric (ie, generally covariant) theories of gravity
there is no proper conserved energy-momentum density.

As a well known textbook expresses it:

Anyone who looks for a magic formula for “local gravitational
energy-momentum” is looking for the right answer to the wrong
question. Unhappily, enormous time and effort were devoted in
the past to trying to “answer this question” before investigators
realized the futility of the enterprise.

[Misner, Thorne & Wheeler (1973) Gravitation p 467].

4



Einstein pseudotensor & Freud superpotential

The Einstein Lagrangian differs from Hilbert’s by a total divergence

2κLE(gαβ , ∂µgαβ) := −
√
|g|gβσΓαγµΓγβνδ

µν
ασ ≡

√
|g|R− div.

The Einstein pseudotensor is the associated canonical energy-momentum

tµEν := δµνLE −
∂LE

∂∂µgαβ
∂νgαβ , ∂µt

µ
Eν ≡

δLE

δgαβ
∂νgαβ .√

|g|Gµν = κTµν , ∇µTµν = 0 =⇒ a conserved total energy-momentum:

∂µ(Tµν + tµEν) = 0.

From this one can infer the existence of a superpotential such that

κ−1
√
|g|Gµν + tµEν = ∂λU

[µλ]
ν .

Such a superpotential was found only years later by Freud (1939):

UµλF ν := −
√
|g|gβσΓαβγδ

µλγ
ασν .
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other pseudotensor superpotentials

The pseudotensors of Landau-Lifshitz (1942), Papapetrou (1948) [also Gupta
1954, Jackiw 1994], Bergmann-Thomson (1954), Møller (1958), & Weinberg
(1972) [also MTW 1973] likewise follow from different superpotentials.

here, with the aid of the Minkowski reference metric ḡµν and the associated
covariant derivative ∇̄µ, written as weight one tensor densities in the
Minkowski reference space, in forms that reveal their interrelationships:

2κUµλνLL := |ḡ|−
1
2 δµλγα∇̄π[|g|gανgγπ]

≡ δµλγαδ
νπ
βρ |g/ḡ|

1
2 gαβ∇̄π(|g|

1
2 gγρ),

2κUµλνP := δµλγαδ
νπ
βρ ḡ

αβ∇̄π[|g|
1
2 gγρ]

≡ δµλγαδ
νπ
βρ ḡ

αβ |g|
1
2 ( 1

2
gγρgτδ− gγτgρδ)∇̄πgτδ,

UµλνBT := gνδUµλF δ ≡ |ḡ/g|
1
2UµλνLL ,

2κUµλM ν := |g|
1
2 δµλασg

βαgσδ∇̄βgδν ,

2κUµλνW := δµλγαδ
νπ
βρ ḡ

αβ |ḡ|
1
2 ( 1

2
ḡγρḡτδ− ḡγτ ḡρδ)∇̄πgτδ.

They all define quasi-local energy-momentum values
which depend on the coordinate reference frame.
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I 2 issues: (i) which expression? (ii) which quasi-local reference frame.
I Surprisingly, these fundamentally different pseudotensors—for all

Kerr-Schild metrics—give the same energy value
Aguirregabiria, Chamorro & Virbhadra
Gen. Rel. Grav. 28 (1996):1393 (arXiv:9501002)

I But none gives positive energy for small vacuum regions;
So [PRD, 2009] constructed an 11-parameter set of new pseudotensor
superpotentials with this desirable property.
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Quasi-local energy-momentum: Penrose 1982

I associated with a closed 2-surface
I pseudotensors always had this property,

but not noticed before 1939 and only appreciated after Penrose.
I A comprehensive review says

“... contrary to the high expectations of the 1980s, finding
an appropriate quasi-local notion of energy-momentum has
proven to be surprisingly difficult. Nowadays, the state of the
art is typically postmodern: although there are several
promising and useful suggestions, we not only have no
ultimate, generally accepted expression for the
energy-momentum and especially for the angular
momentum, but there is not even a consensus in the
relativity community on general questions ... or on the list of
the criteria of reasonableness of such expressions.”

[Szabados, “Quasi-Local Energy-Momentum and Angular Momentum in
General Relativity,” Living Rev. Relativ. 12, 4 (2009).]

I Some criteria: (i) vanish for Minkowski, (ii) standard values at infinity,
(iii) positive energy
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more “quasi-local” boundary term energy expressions

I Goldberg 1958: weighted densities of Freud, Landau-Lifshitz
I Komar 1959: B(N) = ∗dÑ
I Møller 1961: tetrad-teleparallel pseudotensor B(∂µ) = ecµΓab ∧ ηabc
I Witten spinor Hamiltonian 1983: B = 2[ψ̄γ5γ ∧Dψ + (Dψ̄) ∧ γ5γψ]

I teleparallel gauge current B(ec) = Γab ∧ ηabc
I Brown & York 1993
I Bičák, Katz, Lynden-Bell 1995
I Chen-Nester-Tung (2-parameters) 1995, 2000, 2005, 2015
I Tung’s quadratic spinor 1995
I Epp 2000
I new superpotential of Petrov-Katz 2002
I Liu-Yau 2003 (= Kijowski 1997 “free energy”) non-negative
I Wang-Yau 2009: isometric reference, positive energy, 0 for Minkowski

How can one understand the physical significance of these expressions?
2 big issues: (1) which expression? (2) which reference frame?
The Hamiltonian approach has answers.
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Pseudotensors and the Hamiltonian

with a constant vector field Zµ, the energy-momentum in a region is

−ZµPµ(V ) := −
∫
V

Zµ(Tνµ + tνµ)d3Σν

≡
∫
V

Zµ
√
|g|
(

1

κ
Gνµ − T νµ

)
−
∮
∂V

ZµUνλµ
1
2
dSνλ

≡
∫
V

ZµHGR
µ +

∮
S=∂V

BGR(Z) ≡ H(Z, V ).

I HGR
µ is just the covariant expression for the ADM Hamiltonian density.

I The superpotential determines the boundary term 2-surface integral
I The value of the pseudotensor/Hamiltonian is quasi-local, determined

just by this boundary term, since by the initial value constraints the
spatial volume integral vanishes “on shell”.

I The Hamiltonian variation gives information that tames the boundary
term ambiguity—namely boundary conditions. The pseudotensor
values are values of the Hamiltonian with the associated boundary
conditions (see PRL 83 (1999) 1897). Thus problem 1 is under control.
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GR covariant Hamiltonian boundary terms

I We developed a covariant Hamiltonian formulation.
I The (reference dependent) Hamiltonian boundary term determines

(i) the quasi-local value and (ii) the associated boundary conditions.

GR Hamiltonian boundary terms: with ηαβ... := ∗(ϑα ∧ ϑβ ∧ · · · )

2κB(Z) = ∆Γαβ ∧ iZ
{

(1− a)ηα
β+aη̄α

β
}

+
{

(1− b)D̄βZα + bDβZ
α}∆ηα

β .

where ∆Γ := Γ− Γ̄, ∆η := η − η̄,
and Γ̄ and η̄ are non-dynamic reference values.
a, b are free choices. (a, b) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} are essentially
Dirichlet or Neumann boundary conditions.

Our preferred GR Hamiltonian boundary term:

2κB(Z) = ∆Γαβ ∧ iZηαβ + D̄βZ
α∆ηα

β

at spatial infinity it gives the standard energy, momentum,
angular-momentum, center-of-mass.

A special virtue: at null infinity: the Bondi-Trautman energy & energy flux
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Quasi-local quantities for a Minkowski reference

In a neighborhood of the boundary 2-surface S, 4 smooth functions
yi = yi(xµ), i = 0 . . . 3 define a Minkowski reference:

ḡ = −(dy0)2 + (dy1)2 + (dy2)2 + (dy3)2.

A Minkowski Killing vector field has the infinitesimal Poincaré form:

Zk = αk + λkly
l, ,

where αk and λkl ≡ λ[kl] are constant translation+boost/rotation parameters.
Then the quasi-local integral E(Z, S) has the form

E(Z, S) =

∮
S

B(Z) = −αkpk(S) + 1
2
λklJ

kl(S)

which gives the quasi-local energy-momentum/angular momentum.
The integrals pk(S), Jkl(S) agree with the standard expressions
asymptotically.
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Choosing the reference (solving problem 2)

I With dyi = yiαdx
α and dxα = xαjdy

j , the reference connection is

Γ̄αβ = xαi(Γ̄
i
jy
j
β + dyiβ) = xαidy

i
β

I When Z is a translational Killing field of the Minkowski reference, the
second quasi-local term vanishes.

I Our quasi-local energy-momentum expression then takes the form

B(Z) = Zkxµk(Γαβ − xαj dyjβ) ∧ ηµαβ

I which Minkowski space? Recently we proposed “best matched” criteria
(i) 4D isometric matching on the boundary,
(ii) energy optimization

Sun, Chen, Liu & Nester: Chinese J Phys (2015) and in Relativity and
Gravitation, 100 years after Einstein in Prague (Springer, 2014)
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Isometric matching of the 2-surface

I The reference metric on the dynamical space has the components

ḡµν = ḡijy
i
µy

j
ν

I 2D isometric matching of S ≡ embedding S into Minkowski
in terms of quasi-spherical foliation adapted coordinates t, r, θ, φ

gAB = ḡAB = ḡijy
i
Ay

j
B = −y0Ay0B + δijy

i
Ay

j
B , 2, 3 = θ, φ

I From a classic closed 2-surface into R3 embedding theorem (Weyl,
Nash)—as long as one restricts S and y0(xµ) so that on S

g′AB := gAB + y0Ay
0
B

is convex—there is a unique embedding (but no explicit formula).
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4D isometric matching on S

I Epp, Szabados 2000

I 10 constraints: gµν |S = ḡµν |S = ḡijy
i
µy

j
ν |S

I 12 embedding functions on 2-surface of constant t, r:
yi(=⇒ yiθ, y

i
φ), yit, yir

I The 10 constraints split into

I 3 for the 2D isometric matching
I 7 algebraic equations

I one can take y0, y0r as the embedding control variables.
I Or one can use orthonormal coframes, ϑα,

6 Lorentz degrees of freedom subject to 4 integrability constraints:
dϑα|S = 0, again 2 degrees of freedom.
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a common expression

I With a 4D isometric matched reference the values of many distinct
expressions actually coincide.
Obvious for our covariant symplectic Hamiltonian boundary terms.
And if the reference is Minkowski they agree with Freud and the
teleparallel expression.

I Checking other expressions revealed an amazing fact:

For any closed 2-surface in a dynamical Riemannian spacetime, with a
4D isometric matching to a Minkowski reference, there is a common
quasi-local energy value given by the expressions that linearly agree
with Freud in the Minkowski limit.
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Linearly Freud expressions with a concordant value

I Einstein 1916, Freud 1939
I Landau-Lifshitz 1942
I Papapetrou ’48 (Gupta ’54, Bak-Cangemi-Jackiw ’94)
I Bergmann-Thomson 1954
I Goldberg 1958 (his Freud weighted densities)
I Møller 1961, and the related teleparallel gauge current
I Weinberg 1972 = MTW 1973
I Witten spinor (for constant spinor boundary value)
I Tung’s quadratic spinor expression 1995
I our 2-parameter expressions 1995, 2000
I Bičák-Katz-Lynden-Bell 1995
I Petrov-Katz 2002
I the So 2009 11-parameter superpotentials
I Wang-Yau 2009

Different energy-momentum expressions can give a common value far more
generally than Aguirregabiria, Chamorro and Virbhadra had imagined.
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expressions giving other values

These include
(i) those that do not have the spatial asymptotic linearized theory limit, or
(ii) do not choose the reference by embedding into Minkowski:

I Møller 1958,
I Goldberg’s Landau-Lifshitz density weighted superpotentials
I Komar 1959,
I The Witten spinor expression—with positivity proof boundary values,
I Brown-York 1993 with S embedded into R3 reference,
I Kijowski “free energy” 1997 = Liu-Yau 2003,
I Epp 2000.

Also some famous quasi-local proposals do not fit into the Hamiltonian
framework, including

I Penrose’s twistor expressions,
I Hawking’s mass,
I Sean Hayward’s expression.
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An optimal choice

I How to find the “best matched” Minkowski reference geometry?

I Consider the boundary term energy value: E(∂y0 , S)
as a function of the 2 embedding variables.

I The critical points are distinguished.

I We have not found a way to get differential equations for the critical
point (except for the axisymmetric case),

I but based on some physical and practical computational arguments
it is reasonable to expect a unique solution.
[just examine many computed cases.]
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Wang-Yau 2009

I Wang-Yau PRL & CMP 2009: an outstanding achievement
Using the standard ADM 3+1 Hamiltonian approach.
From this perspective quasi-local expressions were developed in the
Hamiltonian-Jacobi approach of Brown-York-Lau and Hawking-Horowitz

I with isometric matching embedding into Minkowski,
I they found a way to do the extremization
I and showed that their quasi-local mass-energy is non-negative
I and it vanishes for Minkowski.

20



an important new link and its consequence

I J.-L. Liu & C.-j. Yu: J Geom Phys (1917) arXiv:1604.05302 find
(i) our preferred expression with 4D isometric matching reference is
closely related to the Wang-Yau expression
(ii) a saddle critical point of our energy agrees with the Wang-Yau mass

I Not surprising, as both approaches start with the Einstein-Hilbert
Lagrangian of GR and follow (albeit different) paths that lead to a GR
Hamiltonian boundary term.

I An important link: since all the linearly-like-Freud expressions with a 4D
isometric Minkowski reference give the same energy value as our
expression.

I Hence there is (via Wang-Yau and Liu-Yu) for all the Freud-linear
expressions a non-negative quasi-local energy—which vanishes if the
dynamical spacetime is Minkowski.
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concluding remarks

I This quasi-local energy could have been found anytime since 1939.
I People spent much time looking for the “best” energy expression.
I We investigated the Hamiltonian boundary term and found our

(reference dependent) expression.
I Only after finding a good expression did we look for a good reference.
I But just taking (almost) any expression and looking for the “best”

reference could have led to the desired energy.

The complaint was: gravitational energy is ill defined.

(i) no unique quasi-local expression
(ii) reference frame dependent expressions with no unique reference frame

But we now discovered:
(a) with a 4D isometric reference most expressions give the same value,
(b) one can find an optimal reference choice,
hence a well defined energy-momentum (and angular momentum).

Einstein was almost there.

Thank you for your attention and patience.
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